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NON-PARAMETRIC MEAN CURVATURE FLOW WITH
PRESCRIBED CONTACT ANGLE IN RIEMANNIAN PRODUCTS
JEAN-BAPTISTE CASTERAS, ESKO HEINONEN, ILKKA HOLOPAINEN,
AND JORGE H. DE LIRA
ABSTRACT. In this short note, we prove that a graphical solution to the
mean curvature flow with prescribed contact angle converges to u∞+Ct,
where u∞ is a translating soliton with speed C, as time t goes to infinity.
Our result holds on any smooth relatively compact subdomain Ω ⊂ N
of a Riemannian manifold N of arbitrary dimension. This generalizes
previous results of Altschuler-Wu (1994) and Zhou (2018). Our proof is
based on a uniform gradient estimate in the spirit of Korevaar.
1. INTRODUCTION
We study a non-parametric mean curvature flow in a Riemannian prod-
uct N ×R represented by graphs
Mt :=
{(
x, u(x, t)
)
: x ∈ Ω¯} (1.1)
with prescribed contact angle with the cylinder ∂Ω×R.
We assume that N is a Riemannian manifold and Ω ⊂ N is a relatively
compact domain with smooth boundary ∂Ω. We denote by γ the inward
pointing unit normal vector field to ∂Ω. The boundary condition is deter-
mined by a given smooth function φ ∈ C∞(∂Ω), with |φ| ≤ φ0 < 1, and the
initial condition by a smooth function u0 ∈ C∞(Ω¯).
The function u above in (1.1) is a solution to the following evolution
equation 
∂u
∂t
= W div
∇u
W
in Ω× [0,∞),
∂γu
W
:=
〈∇u,γ〉
W
= φ on ∂Ω× [0,∞),
u(·, 0) = u0 in Ω¯,
(1.2)
where W =
√
1+ |∇u|2 and ∇u denotes the gradient of u with respect to
the Riemannian metric on N at x ∈ Ω¯. The boundary condition above can
be written as
〈ν,γ〉 = φ,
where ν is the downward pointing unit normal to the graph of u, i.e.
ν(x) =
∇u(x, ·)− ∂t√
1+ |∇u(x, ·)|2 , x ∈ Ω¯.
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The longtime existence of the solution ut := u(·, t) to (1.2) and conver-
gence as t → ∞ have been studied under various conditions on Ω and
φ. Huisken [4] proved the existence of a smooth solution in a C2,α-smooth
bounded domain Ω ∈ Rn for u0 ∈ C2,α(Ω¯) and φ ≡ 0. Moreover, he
showed that ut converges to a constant function as t→ ∞. In [1] Altschuler
and Wu complemented Huisken’s results for prescribed contact angle in
caseΩ is a smooth bounded strictly convex domain inR2. Guan [3] proved
a priori gradient estimates and established longtime existence of solutions
in case Ω ⊂ Rn is a smooth bounded domain. Recently, Zhou [7] studied
mean curvature type flows in a Riemannian product M×R and proved the
longtime existence of the solution for relatively compact smooth domains
Ω ⊂ M. Furthermore, he extended the convergence result of Altschuler
and Wu to the case M is a Riemannian surface with nonnegative curvature
and Ω ⊂ M is a smooth bounded strictly convex domain; see [7, Theorem
1.4].
In this paper we extend the above mentioned results completely. In-
deed, the key ingredient, and at the same time the main obstacle, for prov-
ing the uniform convergence of ut has been a difficulty to obtain a time-
independent gradient estimate. We circumvent this obstacle by modify-
ing the method of Korevaar [5], Guan [3] and Zhou [7] and obtain a uni-
form gradient estimate in an arbitrary relatively compact smooth domain
Ω ⊂ N.
Towards this end, let d be a smooth bounded function defined in some
neighborhood of Ω¯ such that d(x) = miny∈∂Ω dist(x, y), the distance to the
boundary ∂Ω, for points x ∈ Ω sufficiently close to ∂Ω. Thus γ = ∇d on
∂Ω. We assume that 0 ≤ d ≤ 1, |∇d| ≤ 1 and |Hess d| ≤ Cd in Ω¯. We also
assume that the function φ ∈ C∞(∂Ω) is extended as a smooth function to
the whole Ω¯, satisfying the condition |φ| ≤ φ0 < 1.
Our main theorem is the following:
Theorem 1.1. The equation (1.2) has a smooth solution u ∈ C∞(Ω¯, [0,∞)) with
W ≤ C1, where C1 is a constant depending on φ, u0, Cd, and the Ricci curvature
of Ω. Moreover, u(x, t) converges uniformly to u∞(x) + Ct as t → ∞, where
u∞(x) is a solution to the translating soliton equation
div
∇u∞√
1+ |∇u∞|2
=
C√
1+ |∇u∞|2
in Ω,
∂γu∞√
1+ |∇u∞|2
= φ on ∂Ω,
(1.3)
where C is given by
C =
− ∫∂Ω φdσ∫
Ω (1+ |∇u|2)−1/2 dx
. (1.4)
Notice that the existence of a solution u ∈ C∞(Ω¯ × [0,∞)) to (1.2) is
given by [7, Corollary 4.2]. The existence and uniqueness (up to an additive
constant) of the solution u∞ to (1.3) were proven by the authors in [2].
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2. PROOF OF THEOREM 1.1
Let u be a solution to (1.2) in Ω¯×R. Given a constant C∞ ∈ R we de-
fine, following the ideas of Korevaar [5], Guan [3] and Zhou [7], a function
η : Ω¯×R→ (0,∞) by setting
η = eK(u−C∞t)
(
Sd + 1− φ
W
〈∇u,∇d〉
)
, (2.1)
where K and S are positive constants to be determined later. We start with
a gradient estimate.
Proposition 2.1. Let u be a solution to (1.2) and define η as in (2.1). Then, for a
fixed T > 0, letting
(Wη)(x0, t0) = max
x∈Ω¯, t∈[0,T]
(Wη)(x, t),
there exists a constant C0 only depending on Cd, φ, C∞, and the lower bound for
the Ricci curvature in Ω such that W(x0, t0) ≤ C0.
Proof. Let g = gijdxidxj be the Riemannian metric of N. We denote by (gij)
the inverse of (gij), uj = ∂u/∂xj, and ui;j = uij − Γkijuk. We set
aij = gij − u
iuj
W2
and define an operator L by Lu = aijui;j − ∂t. Observe that (1.2) can be
rewritten as Lu = 0. In all the following, computations will be done at the
maximum point (x0, t0) of ηW. We first consider the case where x0 ∈ ∂Ω.
We choose normal coordinates at x0 such that gij = gij = δij at x0, ∂n = γ,
u1 ≥ 0, ui = 0 for 2 ≤ i ≤ n− 1.
This implies that
di = 0 for 1 ≤ i ≤ n− 1, dn = 1, and di;n = 0 for 1 ≤ i ≤ n.
We have
0 ≥ (Wη)n = Wnη +Wηn
= eK(u−C∞t)
(
SWnd +Wn − φWnW g
ijuidj + SWdn − WW φng
ijuidj
− W
W
φgij(ui;ndj + uidj;n) +W
Wn
W2
φgijuidj
+ KWun(Sd + 1− φW g
ijuidj)
)
= eK(u−C∞t)
(
Wn + SW − φnun − φun;n + KWun(1− φ2)
)
. (2.2)
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Using our coordinate system, we get
0 ≥ Wn
W
+ S− φnun
W
− φun;n
W
+ Kun(1− φ2)
= S− u
2
1d1;1
W2
+
u1φ1
W
(
1+
2φ2
1− φ2
)
− φu1
W
Ku1
− φnun
W
+ Kun(1− φ2)
≥ S− C− Kφu
2
1
W
+ Kun(1− φ2)
= S− C− Kφ
W
≥ S− C− K
W
,
for some constant C depending only on Cd and φ. So choosing S ≥ C + 1,
we get that
W(x0, t0) ≤ K. (2.3)
Next we assume that x0 ∈ Ω and that S ≥ C + 1, where C is as above.
Let us recall from [7, Lemma 3.5] that
LW =
2
W
aijWiWj + R˜ic(νN , νN)W + |A|2W,
where νN = ∇u/W. Since 0 = Wiη + Wηi, for every i = 1, . . . , n, we
deduce that
0 ≥ L(Wη) = WLη + η
(
LW − 2aij WiWj
W
)
= WLη + ηW
(
|A|2 + R˜ic(νN , νN)
)
.
This yields to
1
η
Lη + |A|2 + R˜ic(νN , νN) ≤ 0. (2.4)
To simplify the notation, we set
h = Sd + 1− φukdk/W = Sd + 1− φνkdk.
So we have
1
η
Lη = K2aijuiuj + KL(u− C∞t) + 2Kh a
ijuihj +
1
h
Lh. (2.5)
We can compute Lh as
Lh = aij
(
Sdi;j − (φdk)i;jνk − (φdk)iνkj − (φdk)jνki − φdkLνk
)
≥ −C− 2aij(φdk)iνkj − φdkLνk.
Since, by [7, Lemma 3.5],
Lνk = R˜ic(ak`∂`, νN)− |A|2νk
and, by Young’s inequality for matrices,
aij(φdk)iνkj =
1
W
(φdk)iaija`ku`;j ≤ |A|
2
6
+ C,
we get the estimate
Lh ≥ −C− |A|2/3+ φdkνk|A|2 (2.6)
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by using the assumption that R˜ic is bounded.
Next we turn our attention to the other terms in (2.5). We have
aijui =
uj
W2
and aijuiuj = 1− 1W2 . (2.7)
Then we note that by the assumptions, we clearly have
KL(u− C∞t) = KC∞ ≥ −KC, (2.8)
and we are left to consider
aijuihj =
ujhj
W2
=
uj
(
Sdj − (φdk)jνk − φdkνkj
)
W2
≥ −C−
φdkujνkj
W2
= −C + Kφa
`kdku`
W
+
φ
hW
a`kdkh`
= −C + Kφa
`kdku`
W
+
Sφa`kdkd`
hW
− φa
`kdk(φdn)`νn
hW
− φ
2a`kdkdnanmum;`
hW2
≥ −C− CK
W2
− |A|
2
3K
. (2.9)
Plugging the estimates (2.6), (2.7), (2.8), and (2.9) into (2.5) and using
(2.4) with the Ricci lower bound we obtain
0 ≥ K2
(
1− 1
W2
)
− CK− 2K
h
(
C +
CK
W
+
CK
W2
+
|A|2
3K
)
− 1
h
(
C + |A|2/3− φdkνk|A|2
)
+ |A|2 − C
= K2
(
1− 1
W2
− C
hW2
)
− KC
(
1+
1
h
)
− |A|
2
h
+
φdkνk|A|2
h
− C
h
+ |A|2 − C.
Then collecting the terms including |A|2 and noticing that
1− 1
h
+
φdkνk
h
=
Sd
h
≥ 0
we have
0 ≥ K2
(
1− 1
W2
− C
hW2
)
− CK
(
1+
1
h
)
− C.
Now choosing K large enough, we obtain W(x0, t0) ≤ C0, where C0 de-
pends only on C∞, d, φ, the lower bound of the Ricci curvature in Ω, and
the dimension of N. We notice that the constant C0 is independent of T. 
Since
e−K
(
u(·,t)−C∞t
)
(1− φ0) ≤ η ≤ eK
(
u(·,t)−C∞t
)
(S + 2),
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we have
W(x, t) ≤ (Wη)(x0, t0)
η(x, t)
≤ C0η(x0, t0)
η(x, t)
(2.10)
≤ C0(S + 2)
1− φ0 e
K
(
u(x0,t0)−C∞t0−u(x,t)+C∞t
)
for every (x, t) ∈ Ω¯× [0, T].
We observe that the function u∞(x) + Ct solves the equation (1.2) with
the initial condition u0 = u∞ if u∞ is a solution to the elliptic equation
(1.3) and C is given by (1.4). As in [1, Corollary 2.7], applying a parabolic
maximum principle ([6]) we obtain:
Lemma 2.2. Let u be a solution to (1.2). Then, we have
|u(x, t)− Ct| ≤ c2,
for some constant c2 only depending on u0, φ, and Ω. Here C is the unique
constant determined by (1.4).
Proof. Let V(x, t) = u(x, t)− u∞(x), where u∞ is a solution to (1.3). We see
that V satisfies 
∂V
∂t
= a˜ijVij + biVi + C in Ω× [0, T)
c˜ijViνj = 0 on ∂Ω× [0, T),
where a˜ij, c˜ij are positive definite matrices and bi ∈ R. Then the proof of
the lemma follows by applying the maximum principle. 
In view of Lemma 2.2, taking C∞ = C, and observing that the constant
C0 is independent of T, we get from (2.10) a uniform gradient bound.
Lemma 2.3. Let u be a solution to (1.2). Then W(x, t) ≤ C1 for all (x, t) ∈
Ω¯× [0,∞) with a constant C1 depending only on φ0, u0, and Ω.
Having a uniform gradient bound in our disposal, applying once more
the strong maximum principle for linear uniformly parabolic equations, we
obtain:
Theorem 2.4. Let u1 and u2 be two solutions of (1.2) with the same prescribed
contact angle, that is the same φ. Let u = u1− u2. Then u converges to a constant
function as t → ∞. In particular, if u∞ is a solution to (1.3) and C is given by
(1.4), then u1(x, t)− u∞(x)− Ct converges uniformly to a constant as t→ ∞.
Proof. The proof is given in [1, p. 109]. We reproduce it for the reader’s
convenience. One can check that u satisfies
∂u
∂t
= a˜ijuij + biui in Ω× [0,∞)
c˜ijuiνj = 0 on ∂Ω× [0,∞),
where a˜ij, c˜ij are positive definite matrices and bi ∈ R. By the strong maxi-
mum principle, we get that the function Fu(t) = max u(·, t)−min u(·, t) ≥
0 is either strictly decreasing or u is constant. Assuming on the contrary
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that limt→∞ u is not a constant function, setting un(·, t) = u(·, t − tn) for
some sequence tn → ∞, we would get a non-constant solution, say v, de-
fined on Ω× (−∞,+∞) for which Fv would be constant. We get a contra-
diction with the maximum principle. 
Theorem 1.1 now follows from Lemma 2.3 and Theorem 2.4.
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